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Introduction

The aim of rigorous numerical methods such as those based on interval
arithmetic is to give guaranteed bounds on the true value of the com-
puted quantity. However, mistakes in the mathematical development
of the method, or in the computational implementation, may mean
that these guarantees are actually incorrect!

To obtain the best possible guarantees of correctness, we can de-
velop our interval tools in a proof assistant, a software package which
allows compuational algorithms to be written and mathematical the-
orems about them stated and proved. The major proof assistants
currently available are Rocq (formally Coq) [11], Lean [10] and Is-
abelle/HOL [9]. The proofs are checked by a small, trusted kernel.
We call this process verified verification — a rigorous-numerics-based
model-checking verification tool is itself verified by a logic-based proof
assistant.

A motivating example for this work was a bug in the C++ source
code of theAriadnetool [2] for reachability analysis and model-checking



of dynamic systems. This bug caused the error bounds of function ap-
proximations to be too low, and potentially invalid. This bug was not
due to the algorithm itself, which had been formally verified [4], but
in an incorrect efficiency optimization, illustrating the importance of
verifying both code and implementation. As algorithms become more
complicated, the potential to make mistakes is amplified.

Immler’s HOL-ODE-Numerics [7], which was used to verify [8]
Tucker’s proof [12] of Smale’s 14th problem, is currently the largest
body of formally-verified numerics for dynamical systems analysis.

Verified Rigorous Numerics

Our initial work on this project [4] focused on floating-point arithmetic
and Taylor polynomial models in Rocq. We developed an abstrac-
tion of floating-point arithmetic using upward, downward and nearest
rounded arithmetic, but without considering the machine epsilon, and
used this to implement interval versions and the exponential function.
We then implemented a data-type of Taylor polynomial models with
floating-point coefficients, and proved correctness of arithmetical oper-
ations. The algorithms verified were those of Ariadne, but the actual
Ariadne C++ code could not be verified.

The main results are that interval- and function-model based al-
gorithms satisfy the inclusion property: If X̂ is a computational data
type, such as floating-point intervals, representing some mathematical
type X, such as real numbers, then a function f : X1 × X2 → Y is
correctly modelled by a computational operation f̂ : X̂1 × X̂2 → Ŷ if

∀x1,2 ∈ X1,2, x̂1,2 ∈ X̂1,2x̂1 ∋ x1 ∧ x̂2 ∋ x2 =⇒ f̂(x̂1, x̂2) ∋ f(x1, x2).

In Rocq, this is described by:

Definition models {IX X : Type} : IX -> X -> Prop.

Proposition op_correct
(iop : IX1 -> IX2 -> IY) (op : X1 -> X2 -> Y) :=

forall (ix1 ix2 : IX) (i1 i2 : X),
models mx1 x1 -> models mx2 x2 ->

models (iop ix1 ix2) (op x1 x2).



In future work we will to incorporate genuine floating-point arith-
metic such as with Rocq’s Flocq library [6]. Once this is in place,
we will start developing full model-checking functionality, including
differential equations and constraint satisfaction.

Verified Computable Analysis and Systems Theory

To support the rigorous numerics, we are also working on formalising
the underlying theory of computable analysis, which shows what is pos-
sible from arbitrarily-accurate rigorous numerics. We are investigating
an approach of finding logical axioms which make the constructive op-
erations of Rocq coincide with the Turing-computable functions. Core
data types include the compactified natural number type N∞, the Can-
tor type {0, 1}N and the Sierpinski type {T, I} as classifier for verifiable
predicates. Results of [5] show that with the correct axioms, one can
show that every constructible function N → {0, 1} is continuous.

To support applications to systems theory, we are working on for-
malising compositional theory of input-output systems [3], with the
ultimate goal of developing the theory for hybrid systems [1], which is
sufficiently complicated that we are not sure all the results are correct.
As part of this effort, we have work on timed-event systems and nonde-
terministic systems using monads as a model of nondeterminism. The
formalisation effort uncovered a deep but subtle barrier to developing
a compositional systems theory for stochastic systems.

Perspectives

We expect the use of proof assistants to become increasingly prevalent
in mathematics and scientific computation. For safety-critical systems
and use in complicated mathematical proofs, the benefits of having
complete confidence in correctness is very appealing. Further, proof
assistants synergise well with generative artificial intelligence, since
they will catch machine-generated hallucinations and other mistakes,
and encourage collaboration by giving a precisely-specified common
frame of reference. The functional nature of these tools may mean that



efficiency is an issue, but this can probably be largely circumvented
by desiging efficient functional algorithms and exporting to compiled
languages, such as Rocq to OCaml.
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